Abstract. Sand on the leeward face of a large desert dune may create a persistent, low-frequency sound during a slumping event or natural avalanche. The sound may last for several minutes and be audible at far distances. The current manuscript describes the waveguide model and presents the mathematical derivation for the booming frequency from the waveguide model. The spatial and temporal variations of the waveguide influence the ability of a dune to produce the mysterious sounds of the desert.
INTRODUCTION
Booming dunes emit a loud rumbling sound after a man-made or natural sand avalanche is generated on the slip face of a large desert dune. The sound may be created at different locations on the slipface in the hot and dry summer months, but never occurs on shallower windward face or at the base of the dune. The sound emission has a dominant audible frequency ( f = 70-105 Hz) that may change by 5-10 Hertz during the slide. Figure 1a presents a microphone recording of a booming slide on Eureka dune in California, USA. The sustained sound has a narrow frequency range and several higher harmonics. Booming is a rare phenomenon identified at approximately 40 locations in the world and occurs on a variety of dune types, including barchan, linear and star dunes and sand drifts and sheets overlying a rocky outcrop Hunt and Vriend [1] . Booming does not occur on all desert dunes, nor does it occur throughout the entire year, nor everywhere on a booming dune. Experiments on booming dunes in the cold and wet season show that sustained booming cannot be initiated [2] . Avalanches on small dunes (∼10 m) within a booming dune field or on the shallower windward face of a booming dune do not generate any acoustic emission. The booming frequency, usually between 70 and 105 Hz [1] for a given location, changes over the course of the season.
Scientists started to explore possible causes of this sound generation at the end of the 19th century. The amount of quantitative data increased significantly in the latter part of the 20th century. Experimental data and observations collected by Criswell et al. [3] , Lindsay et al. [4] and Haff [5] incorporated the acoustic activity on booming dunes. Bagnold [6] explained the sound due to a process of dilatation and subsequent free fall of individual grains and provide a mechanical representation of the interaction between sheared grains. Andreotti [7] and Douady et al. [8] related the frequency of oscillations of individual sheared grains in the avalanching layer to the average particle diameter argument. The brief bursts of sound due to local forced shearing of individual grains fundamentally differ from the sustained sound generated by slumping of a large sand avalanche [9] . The booming frequency does correlate directly with the average grain diameter [1] and other length scales are involved. The fluid dynamics approach presented in Patitsas [10] connects stick-slip effects with the creation of regions of failure, similar to the explanation of sound due to local forced compression [11, 12] . A comprehensive theory for the sound generated by slumping should include both the initiation at the grain level and the amplification and frequency selection at the dune scale.
Vriend et al. [2] performed extensive seismic surveys on the dune and suggested that the booming is due to constructive interference of the body P-waves in a waveguide. The dimensions of the waveguide and the speed of sound within the dune set the booming frequency. The sound amplification occurs due to constructive interference of the waves as complete reflection occurs at the interface between a dry sand layer and a denser layer below. The character of the waves responsible for the source of the emission (burping) and the sustained emission from the avalanche itself (booming) have been further investigated in detail by Vriend et al. [9] using in situ measurements. The extent of the internal layering and the origin of the strong stratigraphy in dunes have been investigated by Vriend et al. [13] . The current paper presents the full derivation of the waveguide model and investigates the effects of variations in the subsurface structure on the efficiency of the waveguide.
CONSTRUCTIVE INTERFERENCE IN A WAVEGUIDE

Reflection and Transmission at an Interface
The source of the booming is positioned at a certain location on the surface of the dune. Plane waves exist at some distance from the source in radial direction. The waves also travel in the third direction and are reflected at different angles from subsurface layers. Assume a uniform layer of sand with thickness H, propagation velocity c 1 and density ρ 1 . The overlying atmosphere has a velocity c 0 and density ρ 0 and the subsurface half space beneath has velocity c 2 and density ρ 2 , as shown in figure 2. A velocity sandwich structure is formed as the dry sand layer has a lower velocity In the case of no partitioning from P-to S-waves at the boundary, the angle of incidence φ 1 is equal to the angle of reflection and Snell's law applies for the transmitted wave φ 2 . When the angle of incidence φ 1 is equal to the critical angle sin(φ cr ) = c 1 c 2 , the wave is internally refracted (φ 1 = φ cr , φ 2 = 90 • ). For incidence angles equal or larger than the critical angle, no energy propagates into the substrate half space and the phase speed along the interface V int reduces to:
For an incidence angle φ 1 < φ cr , the reflection R and transmission T coefficients have a value between zero and one. For the critical angle and beyond, no energy leaks outside of the waveguide, T = 0 and R = 1, and the amplitude is preserved for all distances A = A 0 . Attenuation with distance is expected because of the cylindrical spreading of the waves in the natural waveguide at the desert dunes. 
Wave Propagation in a Waveguide
Ray tracing
For constructive interference the analysis of the waveguide in terms of ray tracing follows the derivations presented in Ewing et al. [15] and Officer [16] . Assume that the waveguide depth H is constant across a certain length and that the velocities c 0 , c 1 , c 2 are constant in each layer. The seismic velocity usually increases with depth in a granular material, but Vriend et al. [17] showed that this increase is smaller than the large velocity jump across the interface between medium 1 and 2. The propagating waves are traveling in phase within the waveguide in the case of constructive interference. For a given wave at incident angle φ 1 , the extra distance traveled by a waveĀB in figure 2 is:
Officer [16] defines the condition for constructive interference as the total phase change equal to a factor depending on the mode number n = 1, 2, 3,...:
The phase change involved with the ray path from A to B depends on the wave number k n = 2π/λ n , the wavelength λ n = c 1 / f n and the distance traveled by the wave AB.
Substituting the wave number and wavelength and taking the tangent on both sides of equation (3):
The phase lag at the surface ε 10 and the bottom ε 12 are derived from the reflection coefficient R [16, p. 79] as:
and
The current analysis deviates from the treatment by Officer [16] , where ε 10 = π and ε 12 = 0, as the waveguide in a sand dune has a mirrored velocity structure for which c 0 = c 2 . In the case of critical refraction, the coupling provides the feedback to the waveguide and the phase speed along the surface interface reduces to V sur = c 0 , producing zero phase lag ε 10 = 0 at the top surface [16, p. 228] . Similarly, critical refraction ensures a phase speed of V int = c 2 along the interface between medium 1 and 2 and zero phase lag at the bottom surface as well. As a consequence of critical refraction, the phase lag is independent of the density and/or the impedance differences across interfaces. Therefore, equation (4) reduces to:
Solutions are given in terms of the mode number n with n = 1, 2, 3,...
Continuous guided wave
An alternative approach to derive this formula is to analyze the waveguide in the continuous sense following Sleep and Fujita [18] . For wave propagation at long ranges and at moderate to low frequencies, the normal-mode solution combines interference effects from all ray paths. The trial function φ of a planar geometry with a standing wave in z-direction and a propagating wave in r-direction with rigid boundaries is:
The wave propagates within the waveguide in horizontal direction with a constant phase velocity
The boundary condition prescribes continuity of stress and all displacements at an interface. At the bottom the boundary condition at z = H is satisfied if k z H = nπ, with integer n. At the interface on the surface (z = 0), traction and particle displacements are matched between the atmosphere and the upper layer of sand. The trial function φ including all modes n is:
The wave equation is:
with the p-wave velocity c 1 = λ 1 /ρ 1 . Substituting the trial function from equation (11) into the wave equation (12) gives:
The incident angle φ 1 is orientated as:
such that:
Restructuring this equation in terms of the frequency and substituting incidence at the critical angle φ 1 = φ cr gives:
which is the same resonance relation as equation (9) found via ray tracing.
Phase Velocity
The booming waves travel at a phase speed V situated between the seismic speed of the dry layer of sand c 1 and the seismic speed of the denser, deeper layer of sand c 2 . As the subsurface structure of the dune changes in the uphill or downhill direction (illustrated in figure 2) , the phase velocity also changes independent of the frequency of the source. At a given moment in time a seismic sensor measures the global booming frequency and the local phase velocity. The phase velocity adapts as the waves move into a different velocity or layering structure. A sensor on the desert floor, located roughly 500 meters from the booming dune slope, measured the same booming frequency (82 Hz) as the local recording, as shown in figure 4 , but a much higher phase velocity (∼500 m/s). The local phase velocity depends on the local depth of the layering H A , the local velocities c 1A and c 2A and the global booming frequency f = f cutoff obtained from equation (16) . For known dimensions, velocities and booming frequency, the local phase velocity V A is obtained by solving the transcendental equation:
In the example of figure 2 , the depth of the layering increases uphill from the source creating a longer wavelength λ a > λ b and physically signifies the approach of the dune crest [13] . As the subsurface velocity commonly is smaller close to the crest [2] , the phase velocity decreases significantly uphill from the source V a < V b . The example also shows a thinning in downhill direction, where the subsurface velocity increases, occurring in grainfall areas [13] . The local wavelength decreases λ c < λ b and the phase speed increases V c > V b . An alternative waveguide structure of thickening in downhill direction occurs at the transition of grainfall and grainflow regions. The increase in subsurface velocity and the increase in depth are two competing factors that have an opposite effect on the phase speed. Usually the increase in downhill velocity dominates the increase in depth such that the effective phase speed increases.
THE INTERACTION BETWEEN THE WAVEGUIDE AND BOOMING
A functioning waveguide prohibits energy loss and promotes amplification of the source. There are several consequences for the waveguide theory for booming sand dunes:
1. The source frequency excites the natural resonance frequency of the waveguide and the avalanching of grains provide the energy necessary for the emission. 2. The layering in the region of the source sets the global booming frequency; away from the source the phase speed may change and the amplitude may decrease due to leakage. 3. The dimensions of the waveguide may prevent the excitation to be constructive and limit amplification of the source.
Excitation by a Source
Direct shearing of sand at the surface generates short pulses, defined as the burping emission by Vriend et al. [9] . The burping source provides a continuous energy input to excite a selection of modes in the waveguide and is necessary to initiate the booming emission. The source spectrum of the burp presented in figure 5 involves frequencies in a wide range (50-100 Hz, varies slightly depending on shear rate) at low amplitude. The total acoustical amplitude of the booming emission is more than an order of magnitude higher than that of a burping emission. The excess energy needs to be supplied by another mechanism as the total energy of the acoustic emission cannot be increased. The release of gravitational energy into kinetic energy due to the avalanching sand provides this additional source of energy. As described in section , the narrow booming frequency is set by external factors such as the waveguide dimensions and the speed of sound. The avalanching of grains supply energy for amplification while the burping emission provides the broad frequency content to excite the booming frequency. When the avalanching of sand stops, the amplitude of the booming stops growing and diminishes slowly with time. However, the sound may continue for up to a minute as the energy continuous to reverberate in the waveguide.
Relation between Frequency and Phase Speed
The dispersion relation given in equation (17) provides a relation between the phase velocity V and the frequency f of a mode. A graphical technique finds the solutions of the transcendental equation for each mode n = 1, 2, .. in figure 6 . The intersection of the two functions g(ωy) and h(ωy), representing the left-and right-hand side of equation (17) 
respectively, are solutions to the dispersion relation. The phase velocity along the interface has a value between c 1 and c 2 and is maximum at the cutoff frequency ω cutoff,n calculated by equation (9) for a specific mode number. The booming emission propagation speed is between V boom = 200 m/s and V boom = 250 m/s [9] . The mode n = 1 needs to be excited by the burping source in order to generate a propagative wave.
Changing Dimensions of the Waveguide
The cutoff frequency determined by the waveguide dimensions needs to overlap with part of the source spectrum of the burping emission. Figure 7a shows the waveguide modes for common parameters found in field experiments. Mode n = 1 overlaps slightly with the source spectrum such that energy may be transferred. Figure 7b presents the modes for a smaller, nonbooming dune. Mode n = 1 overlaps significantly with the source spectrum, but no sustained booming can be generated. The subsurface velocity c 2 = 600m/s is very high and the symmetry between the atmosphere and the subsurface deeper layer breaks down as c 0 = c 2 . Furthermore, the length of the waveguide channel in the smaller dune is of the same order of magnitude as the wavelength of booming ≈ 2.5m and its length is insufficient to create an amplification of the sound. A similar situation occurs for a very deep waveguide where the wavelength for constructive interference exceeds the size of the avalanche. The situation for a nonbooming dune in the wintertime is presented in figure 7c . The hard substrate layer is preserved, but the upper layer velocity c 1 increases significantly due to a larger moisture content. The first mode cannot be excited as its cutoff frequency is higher than the source spectrum. A similar mode spectrum occurs if the waveguide depth is very shallow (figure 7d) and the cutoff frequency is beyond the maximum frequency of the source. 
CONCLUSION
The layered structure in booming dunes is crucial in the explanation of the phenomenon of booming sand dunes. The variation in internal structure and seismic velocities explains the variation in booming frequency with downhill position. The frequency of the waves generated in the waveguide should be larger than the cutoff frequency but smaller than the maximum frequency of the source for constructive interference to be effective. Booming occurs if three necessary factors are all satisfied. First, the sand grains need to be smoothed and rounded by aeolian processes to create short acoustic pulses when they are rubbed against each other. A natural or manmade avalanche of sand grains on the slipface of the dune create pulses and form the source of booming. Second, the subsurface structure of the dune needs to promote constructive interference by aligning the traveling waves in a regular pattern. An internal layering at a constant depth forms the waveguide and promotes the amplification of the acoustic waves. Third, the velocity structure needs to have structure favoring constructive interference excited by the shortpulsed source. If the layering is too deep or shallow or irregular in structure, the booming frequency cannot be excited by the source. The waveguide is ineffective if the velocity structure is diffuse with depth preventing reflection at a discrete interface. The necessary conditions for the booming emission to develop result in the scarcity in occurrence of booming sand dunes in the world.
